Introduction {#Sec1}
============

A New Perspective on Complexity {#Sec2}
===============================

The aim of this paper is to propose a general theoretical construction that allows us to associate a given class of complex systems with a suitable information measure adapted to this class, and expressed by an entropic functional mathematically deduced from a set of axioms, belonging to the family of group entropies^[@CR1]--[@CR3]^.

The main idea behind our approach is simple. In a broad range of applications, including physical and social sciences, economics and neurosciences, it is customary to use information measures based on the additive Shannon entropy (and its quantum version, the von Neumann entropy). Standard and useful indicators of complexity commonly adopted in the literature are indeed the mutual information or the relative entropy.

However, instead of using an information entropic measure defined a priori, and based on a (sometimes not fully justified) assumption about additivity, one may proceed differently. We propose to look for new information measures, written in terms of entropic functionals that are designed according to the specific properties of the system, or family of systems, under consideration.

To this aim, we shall prove a theorem that allows us to associate with a given universality class of systems a specific entropic measure, constructed in a completely algorithmic way. This measure is extensive and non-additive, and it depends explicitly on the state space growth rate function which characterizes the universality class considered. From a mathematical point of view, the derivation of each of these entropic measures is a direct consequence of an axiomatic approach, based on formal group theory. Using the group-theoretical entropic measures so defined, we shall construct a new family of information-theoretical measures of complexity.

The deep insights represented by the Tononi-Edelman-Spons Integrated Information concept is traditionally formulated mathematically in terms of sums of conditioned entropies of partitions of the considered system, in particular the human brain. However this mathematical representation does suffer from limitations^[@CR4]^. The group theoretic entropies introduced in the present paper offer an alternative mathematical implementation of the original TES idea, without the need of introducing conditioning. We explain below how a new complexity measure based on group entropies can be useful to characterize the degree of entanglement of brain dynamics and, moreover gives a way to compute the capacity of a neuronal network of a certain size. In Sec. 5.2 we formulate this as a precise mathematical conjecture.

A Group-Theoretical Approach to Information Theory: Group Entropies {#Sec3}
===================================================================

Since the work of Boltzmann, perhaps the most relevant problem of statistical mechanics has been the study of the connections between the statistical properties of a complex system at a microscopic level, and the corresponding macroscopic thermodynamic properties.

The probabilistic point of view of Boltzmann, further developed by Gibbs, Planck and many others, was questioned from the very beginning by Einstein. As is well known, Einstein argued that probabilities must follow dynamics, and not vice versa. In other words, the frequency of occupation of the different regions of state space should not be given a priori, but determined from the equations of motion. A conciliation between these two points of view is still an unsolved problem: as surmised by Cohen^[@CR5]^, a combination of statistics and dynamics is perhaps a necessary way out to describe the statistical mechanics of a complex system.

In this perspective, it is quite natural to hypothesize that the geometry of the state space associated with a given complex system plays a crucial role in the characterization of its main information-theoretical, dynamical and statistical features.

In this paper we shall try to shed new light on this aspect. We shall adopt in some sense an "intermediate" point of view: Indeed, instead of focusing on the dynamics of a specific system, we can consider *universality classes of systems*, defined in the following way.
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                \begin{document}$$N$$\end{document}$ limit, respectively. A priori, in each of these three families there are infinitely many classes, although, not necessarily realized in terms of known complex systems. In particular, for the super-exponential class, we shall present the explicit example of the pairing model^[@CR6]^, which is a generalization of the Ising model where the creation of "pairs" is allowed. This entails that the system possesses many more degrees of freedom with respect to the standard case.

We will show that by means of a group-theoretical approach, given any universality class of systems one can construct in a purely deductive and axiomatic way an entropic functional representing a suitable information measure for that class.

This approach is clearly inspired by the research on generalized entropies that in the last few decades captured a considerable interest. In particular, we will use the notion of *group entropies*, introduced in^[@CR1]^, and settled in general terms in^[@CR2],[@CR3]^ (see also^[@CR7]^ for a recent review). Essentially, a group entropy is a generalized entropy that has associated a group law, which describes how to compose the entropy when we merge two independent systems into a new one.
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However, although necessary, these properties are still not sufficient for thermodynamical purposes. Indeed, we need another crucial ingredient: *composability*^[@CR11]^. In^[@CR2],[@CR3]^, this property has been reformulated and related to group theory as follows.

The Composability Axiom {#Sec4}
=======================

An entropy is said to be *composable* if there exists a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi (x,y)$$\end{document}$ such that, given two statistically independent subsystems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B$$\end{document}$ of a complex system, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S(A\times B)=\Phi (S(A),S(B))$$\end{document}$, when the two subsystems are defined over *any arbitrary probability distribution* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr{P}}}_{W}$$\end{document}$. In addition, we shall require that:

(C1) Symmetry: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi (x,y)=\Phi (y,x)$$\end{document}$. (C2) Associativity: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi (x,\Phi (y,z))=\Phi (\Phi (x,y),z)$$\end{document}$. (C3) Null-Composability: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Phi (x,0)=x$$\end{document}$.
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Definition 1. {#FPar1}
-------------
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For recent applications of the notion of group entropy in Information Geometry and the theory of divergences^[@CR16]^, see^[@CR17]^.

Results {#Sec5}
=======

The extensivity requirement {#Sec6}
---------------------------

Our approach is crucially based on the following extensivity assumption.

**Requirement \[ER\]**. *Given an isolated system in its most disordered state (the uniform distribution), the amount of its disorder increases proportionally to the number* $\documentclass[12pt]{minimal}
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For entropic functionals, the requirement ER is intimately related with thermodynamic *extensivity*. Indeed, a fundamental requirement, pointed out already by Clausius, is that thermodynamic entropy, *as a function of N*, must grow linearly in $\documentclass[12pt]{minimal}
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A crucial problem emerges naturally: given a complex system, how can one associate with it a meaningful information measure? This is the main question we address in this paper. We will prove that, surprisingly, there is a possible answer, simple and deductive.

Our main result is indeed the following: *For any universality class of systems there exists a related information measure satisfying the axioms (SK1)--(SK3), the composability axiom and requirement ER*.

Consequently, we shall propose a deductive construction of a group entropy associated with a given universality class. At the heart of this construction, there is a very simple idea: an admissible entropic information measure possesses an intrinsic group-theoretical structure, responsible of essentially all the properties of the considered entropy. This structure, provided by a specific group law, comes from the idea of allowing the composition of statistically independent systems in a logically consistent way in the case of independent systems (see also^[@CR18]^ for a related discussion).

A dual construction of entropies {#Sec7}
--------------------------------
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The composability property, if required for any choice of the probability distributions allowed to $\documentclass[12pt]{minimal}
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The above discussion motivates the study of a family of entropies which are not in the trace-form class. In^[@CR3]^, the family of $\documentclass[12pt]{minimal}
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The main reconstruction theorem: From state space to group entropies {#Sec8}
--------------------------------------------------------------------

The following theorem formalizes in a rigorous way, completes and unifies several prior ideas already presented in a heuristic way in previous papers of ours^[@CR3],[@CR7]^. However the main result is new: a direct formula simply expressing a group entropy as a function of the state space growth rate. Here we shall replace $\documentclass[12pt]{minimal}
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### **Theorem 1.** {#FPar2}
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From the explicit expression of this function we can reconstruct the entropy we are looking for:$$\documentclass[12pt]{minimal}
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The constant appearing in the r.h.s. of the previous formula guarantees that the entropy vanishes over a "certainty state", namely for a distribution where $\documentclass[12pt]{minimal}
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**Remark 2**. *In many applications, the growth function* $\documentclass[12pt]{minimal}
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### The group-theoretical structure associated with W(N) {#Sec9}

By construction, the following important property holds.

#### Proposition 1. {#FPar3}
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### Universality classes and group entropies {#Sec10}

An interesting question should be addressed, namely the uniqueness of the entropies defined by means of the previous construction. Certainly, we can derive other, more complicated group entropies with similar properties. Precisely, some theorems proved in^[@CR23]^ and^[@CR17]^ show the existence of a new, huge class of group entropies obtained by combining group entropies, of the general form $$\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta :{{\mathbb{R}}}^{l}\to {\mathbb{R}}$$\end{document}$ is a suitable function. In particular, given a group-theoretical structure, one can associate with it a family of group entropies sharing the same group structure.

However, the univariate representative ([4](#Equ4){ref-type=""}) presents the advantage to be the "simplest" functional form within the "orbit" of a given group structure. At the same time, the $\documentclass[12pt]{minimal}
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In this respect, we point out that the super-exponential case $\documentclass[12pt]{minimal}
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The case of exponentially growing state spaces corresponds of course to the systems usually considered in statistical mechanics such as Ising models where $\documentclass[12pt]{minimal}
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Finally, we mention that three concrete examples of cases with sub-exponential state space growth rates are given in^[@CR24]^: A super-diffusive process, a strongly restricted spin system on a network and restricted binary processes. The entropies introduced by Tsallis^[@CR11]^ were designed for describing a class of models (with $\documentclass[12pt]{minimal}
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The search for a mathematical basis of the phenomenology observed for networks as for instance in^[@CR25]^ is of great interest and widely discussed in the literature, see e.g.^[@CR26],[@CR27]^. The application of the approach described in this paper to network theory would start from the classification of networks in terms of the number $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ adjacency matrices. Next, to extract the network statistics of interest one could generalise to the group theoretic entropies the discussion presented in^[@CR28]^ by Park and Newman, based on the Shannon entropy. For example, this can be achieved by means of the following arguments. First, one may determine the probability measure on the set of adjacency matrices $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ne 0$$\end{document}$. At this stage, it is not clear how to formulate constraints that represent the growth mechanisms such as the ones used in the Albert-Barabasi's model^[@CR31]^ or in the recent study in^[@CR32]^. The authors of^[@CR32]^ parametrize the simulated degree distributions in terms of q-exponentials and interpret this as a consequence of the fact that the Tsallis q-entropy maximised under the normalisation and average constraints leads to q-exponentials.

However, following standard statistical mechanics the entropy is a functional on the probability space of the microstates of a given system^[@CR29]^. As is well known, in Boltzmann-Gibbs statistics the maximisation^[@CR33]^ produces the Boltzmann weight $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$ is the inverse temperature. For instance, one usually derives the Maxwell distribution of velocities in a gas by integration over the $\documentclass[12pt]{minimal}
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                \begin{document}$${p}_{i}$$\end{document}$ weights. The Maxwell distribution is not obtained directly by maximising the Boltzmann-Gibbs entropy. In analogy to the canonical ensemble one could let the total number of links $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{A}}$$\end{document}$ play the role of energy and maximise the group entropy under the constraint that the stochastic variable $\documentclass[12pt]{minimal}
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Although, by means of Theorem 1, we are able now to construct entropies *for very many universality classes*, it is usually difficult to determine the state space growth rate for a specific system. Thus, in Sec. 5.2 below we shall introduce the information measure $\documentclass[12pt]{minimal}
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                \begin{document}$$W(N)$$\end{document}$; from them the group entropic form relevant for the given system can be then deduced via Theorem 1. In this way one is also able to obtain information about the nature of the correlations in the system.

Consequently, our next step will be to construct an information measure associated to each of these new entropies.

All the previous discussion can be summarized as follows: Given an universality class of systems whose state space growth rate is assigned, we are able to construct an entropic functional which is extensive for $\documentclass[12pt]{minimal}
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                \begin{document}$$N\to \infty $$\end{document}$, according to the classical principles of thermodynamics, and the requirements of large deviation theory^[@CR34]^. Also, the entropy in Eq. ([5](#Equ5){ref-type=""}) satisfies the first three SK axioms and is composable, with group law given by the relation ([3](#Equ3){ref-type=""}).

Though each entropy of the class $\documentclass[12pt]{minimal}
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                \begin{document}$${Z}_{G,\alpha }$$\end{document}$ is extensive in the specific class corresponding to a given state space growth rate $\documentclass[12pt]{minimal}
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### Explicit illustrative example {#Sec11}

It is possibly useful to include, for completeness, a brief but detailed step by step explanation of how the above general procedure for determining the entropy works for a specific model of a complex system. To this aim, we will use the Pairing Model discussed in^[@CR6]^. The model represents a generalised version of the Ising model. As is well known, the Ising model has $\documentclass[12pt]{minimal}
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Had we excluded pairing, so confined us to the Ising case, we would have $\documentclass[12pt]{minimal}
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Complexity measures from group entropies {#Sec12}
----------------------------------------

### Shannon-type integrated measures {#Sec13}

The traditional approach adopted to quantify degrees of interdependence between a number of components in a complex system is based on Shannon's entropy and investigates the difference between combinations of conditional entropies. An influential example is offered by Tononi's Integrated Information Theory^[@CR35],[@CR36]^. It suggests that consciousness can be detected from measures based on Shannon's entropy which by decompositions analyse the relationship of the information stored in the whole brain and in some specific parts. A related very recent approach seeks to analyse self-organisation of synergetic interdependencies by a focus on joint Shannon entropies^[@CR37]^. And finally, let us mention the recent Entropic Brain Hypothesis^[@CR38]^, which relates the increase of consciousness to the increase of the Shannon entropy, with less emphasis on how the interdependence of the conscious state is to be characterised.

The group entropy theory suggests an alternative approach, relevant when the number of degrees of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$$W(N)$$\end{document}$ may apply to the brain. Of course we don't know the details of the relationship between the neuronal substrate and the activities of the mind, but at an anecdotal intuitive level it seems that the mind's virtually limitless capacity of deriving and combining associations of associations in grand hierarchical structures is an example of new emergent states added to what can be reached by Cartesian combinations. Surely, our mind is able to create by composition new emerging states from old existing concepts. Take as an example the emotional mind state induced when one listens to Bach's Chaconne from Partita No. 2 in D minor for solo violin. It seems unlikely that this state isn't an emergent one, far beyond the Cartesian combinations.
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                \begin{document}$$W(N)$$\end{document}$ may very likely grow much slower that the exponential dependence of Cartesian combination, for instance when one has a highly restricted system, as for argument's sake, a financial system under very strong regulations.

In such cases the group entropies offer a way to directly quantify the extent of systemic interdependence without going through part-wise conditioning. The composability axiom relates to how the whole of a system consisting of distinct parts differs from the system one would obtain by a simple Cartesian combination of its parts. The Shannon entropy can be thought of as directly focused on the diversity in a system and then, as a second step, one can addresses interdependence e.g. by developing various related conditioned measures. In contrast the group entropies are directly sensitive both to diversity and to interdependence when the later is sufficiently strong to make $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W(N)\ne {k}^{N}$$\end{document}$.

### A new indicator of complexity {#Sec14}

To be precise, consider the difference $$\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$.

This measure can be thought of as a possible generalisation of the usual mutual information and could be useful as an alternative to Tononi's Integrated Information^[@CR35],[@CR36],[@CR39]--[@CR41]^ being a measure that might describe the information-theoretical properties of very entangled complex systems such as for instance neural networks.

It is important to stress that the group theoretic foundation for generalised entropies offers a consistent procedure for dealing with a system consisting of two *independent* subsystems. Of course, real systems do not consist of independent parts, but we can ensure that our entropy is mathematically sound by insisting that it is able to handle the independent case. Consider a system *A* × *B*, composed of the set of states (*a*, *b*) ∈ *A* × *B* obtained as the Cartesian product of states *a* ∈ *A* and states *b* ∈ *B*. The group entropy formalism ensures that the entropy *S*~*A* × *B*~ computed directly for *A* × *B* is equal to the one obtained by first computing *S*~*A*~ and *S*~*B*~ for the two subsystems and then combining these two entropies to get the entropy for the entire system. This simply amounts to respecting that the probabilities for the states fulfil *P*~*a,b*~ = *P*~*a*~*P*~*b*~ for the independent combination of the two subsystems, which then in terms of the entropies leads to *S*(*A* × *B*) = ϕ(*S*(*A*), *S*(*B*)).

When long range forces or other kinds of long range interdependence are at play, the system $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$ are allowed to interact, combine and influence in whatever way the situation allows^[@CR6]^.

The complexity measure defined in Eq. [(24)](#Equ24){ref-type=""} is a way to quantify the extent of the difference between $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi (x,y)$$\end{document}$ in Eq. [(14)](#Equ14){ref-type=""} assumes the same functional dependence for trace and non-trace-form entropies when expressed in terms of $\documentclass[12pt]{minimal}
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                \begin{document}$$W(N)$$\end{document}$ and its inverse, we conclude that the degree of complexity and its dependence on the number of degrees of freedom is fully controlled by the functional form of $\documentclass[12pt]{minimal}
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                \begin{document}$$W(N)$$\end{document}$. For simplicity consider the situation where $\documentclass[12pt]{minimal}
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                \begin{document}$${N}_{0}$$\end{document}$ particles. Furthermore, if we restrict ourselves to the uniform ensemble $\documentclass[12pt]{minimal}
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                \begin{document}$${p}_{i}=1/W$$\end{document}$, where the extensivity property of the group entropies simply make sure that $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta ({N}_{0})$$\end{document}$. We illustrate them in three typical examples.
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                \begin{document}$$\Delta ({N}_{0})=\lambda ({N}_{0}+{N}_{0}+\frac{{N}_{0}^{2}}{\lambda })-\lambda ({N}_{0}+{N}_{0})={N}_{0}^{2}.$$\end{document}$$We might call this the "Tsallis case": the interdependence between particles strongly restricts the available state space. The entropy of the Cartesian combination $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta ({N}_{0})=\lambda ({N}_{0}+{N}_{0})-\lambda ({N}_{0}+{N}_{0})=0.$$\end{document}$$ The Boltzmann-Gibbs case where the entire system effectively is composed of a non-interdependent set of subsystems.(III)Super-exponential $\documentclass[12pt]{minimal}
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                \begin{document}$$L(x)\simeq {\rm{ln}}\,x$$\end{document}$ asymptotically. The effective dependence of the complexity measure on the factorial suggests a relation to the super-exponential behaviour of $\documentclass[12pt]{minimal}
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                \begin{document}$$W(N)$$\end{document}$ originating in the creation of new states by forming combinations of the particles^[@CR6]^.

The complexity of human brain: a conjecture {#Sec15}
-------------------------------------------

Returning to the question of the complexity of neural networks, we wish to point out that in principle, the indicator $\documentclass[12pt]{minimal}
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                \begin{document}$$W({N}_{0})$$\end{document}$ also in the case of the human brain, for example by use of histograms constructed from time series of fMRI or EEG recordings. Of course we are not able to "separate" the brain into independent sub systems $\documentclass[12pt]{minimal}
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**Conjecture**: The number of brain states typically grows *faster than exponentially* in the number of brain regions involved.

Discussion {#Sec16}
==========

The axiomatic approach proposed in this work allows us to associate in a simple way an entropic function with an universality class of systems. In particular, the extensivity axiom selects among the infinitely many group entropies of the $\documentclass[12pt]{minimal}
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                \begin{document}$$Z$$\end{document}$-class a unique functional, which possesses many relevant properties, all necessary for an information-theoretical interpretation of the functional as an information measure. The standard additivity must be replaced by a more general composability principle which ensures that, in the case of a system made by statistically independent components, the properties of the compound system are consistent with the those of its components.

Many research perspectives are worth being explored in the future. Generally speaking, our formalism allows for a systematic generalisation of a statistical mechanics description to non-exponentially growing state spaces.

For instance, we believe that group-theoretical information measures in the study of self-organized criticality could replace Shannon's entropy in several contexts where the number of degrees of freedom grows in a non-exponential way.

We also mention that classifying complex systems without worrying about composability was done in^[@CR42]^.

The analysis of time series of data, from this point of view, offers another interesting possibility of testing the present theory.

A quantum version of the present approach, in reference with the study of quantum entanglement for many-body systems represents an important future objective our our research.

Work is in progress along these lines.
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